Einlang: Unifying Multidimensional Tensor Indexing,
Declarative Recurrence, and Local Derivatives

Bowen Fu

Abstract

Tensor programs need a source boundary that users can
write directly and compilers can inspect. A common pattern
still crosses several boundaries today: multidimensional in-
dexing, recurrent state updates, and sensitivity queries
are usually expressed through separate interfaces such
as einsum-like functions, host-language loops or scan
combinators, and grad/backward APIs. This fragmenta-
tion makes programs executable, but it hides the source
facts that connect the mathematical definition to compiler
analysis.

We present EINLANG, a tensor language that integrates
multidimensional indexed definitions, declarative recur-
rences, and local derivative requests in one binding en-
vironment. In EINLANG, a recurrence is a named binding
over an index space that declares its dependencies; later
expressions can read points of that recurrence, and deriva-
tive requests can target either final results or intermediate
bindings. The contribution is an executable abstraction
boundary: indexed clauses define axes and covered do-
mains, recurrent bindings define dependency graphs, and
derivative requests denote shaped derivative values. A
compiler can use these contracts to derive evaluation order
and infer storage windows from static index offsets.

We ground the design in a working NumPy-backed
implementation and examples that mix all three features,
including recurrent sensitivity computations, storage-
decision checks, and model-scale feasibility cases. The
result is a source form for tensor programs that stays close
to the mathematical description while preserving structure
for compiler passes.

Keywords: tensor languages, recurrence, indexing, auto-
matic differentiation, storage analysis

1 Introduction
1.1 Motivation

We design programs by building layers of abstraction. In
tensor computing, three abstractions appear again and
again: indexed contraction, which says which axes survive
and which are summed away; recurrence, which says how
values depend on other points in an index space; and sen-
sitivity, which asks how one named quantity changes with
respect to another. A language for tensor programs should
let those abstractions remain visible.

Mainstream frameworks make each abstraction available,
but usually through separate mechanisms. Contraction ap-
pears as array operations or einsum strings, recurrence ap-
pears as host loops or scan combinators, and sensitivity ap-
pears as grad transforms or backward calls. The program-
mer can execute the computation, but the original abstrac-
tion is no longer written in one place.

The question is not whether existing systems can run
these computations; they can. The question is where the
structure lives while the program is being written and
compiled. EINLANG’s answer is indexed recurrence with
local derivative requests: a source form in which tensor
axes, dependency offsets, and sensitivities remain named
facts until the compiler pass that needs them.

Consider a multidimensional recurrent definition such as
an edit-distance or grid dynamic program:

Di,j = min(D,-_l,j +1, Di,j—l +1, Di—l,j—l + ci,j)~

In EINLANG, the same recurrence can be written with the
dependency offsets still present in the source:
let D[@, j in @..N] = init_col[j];
let D[i in @..M, @] = init_row[i];
let D[i in 1..M, j in 1..N] =
min(D[i - 1, j1 + del,
D[i, j - 1] + ins,
DLi - 1, j - 11 + subli, j1);

The important facts remain visible: the output axes
are i and j, the self-read offsets are (—1,0), (0,—1), and
(—1,-1), and the compiler can reason about storage along
each dimension before lowering. The program states the
dependency relation directly, before any loop nest, scan
interface, or buffer layout has been chosen.

A one-dimensional version has the same problem in
smaller form. A researcher may write

L= Z(xl(T) — yi)z.
i

In a modern framework, the same idea is typically spread
across several mechanisms:

states = []

x_t = x0

for t in range(T):
x_t = step(x_t, ul[t])
states.append(x_t)

loss = torch.sum((states[-1] - y) **x 2)

Xt = f(xt—l,ut),

The recurrence dependency is encoded as host control
flow and explicit sequence construction, while the reduction
is expressed through a library call. Staged systems such as
JAX provide scan-like constructs for important cases. The



issue for this paper is how the mathematical structure is ex-
pressed. We want the source language to say, directly and
compositionally, which axes define a tensor, which points
depend on which other points, and which named quantities
are being differentiated [1, 7, 10, 18].

1.2 Problem Statement

The gap is fundamentally a language-design problem. The
three recurring concerns are:

1. tensor indexing and reduction,
2. recurrence over one or more index dimensions, and
3. sensitivity queries over named values.

When these concerns are expressed through unrelated inter-
faces, the programmer has to translate mathematical deriva-
tions into framework idioms, and the compiler has to re-
cover important structure after it has already been encoded
away.

EINLANG addresses this problem with a source model in
which the three concerns share one namespace:

1. source-level multidimensional indexed tensor
definitions, which make output axes and reduction
axes part of the source;

2. declarative recurrences, which describe dependen-
cies across an index space without forcing an early
loop schedule or storage policy; and

3. expression-level derivative requests, which are
integrated with the same named indexed bindings.

The central thesis is that these constructs are most useful
when they are orthogonal and composable. A program can
start as an indexed equation, acquire recurrence, and later
ask for a derivative of either a final result or an intermediate
binding without changing notation or wrapping the compu-
tation in a separate API. The rest of the paper develops the
interface contracts that make this composition predictable.

The implementation uses this structure concretely. Out-
put and reduction indices support range, domain, and shape
analysis. Declarative recurrences give the compiler a depen-
dency object from which it can derive a legal evaluation
order. Static index offsets give a storage analysis a simple
question: along each recurrence dimension, how much his-
tory and how much final suffix must be preserved? The cur-
rent backend implements this storage choice for the primary
inferred recurrence dimension, including multidimensional
tensor values whose other axes are retained fully. The run-
time buffer also supports finite windows on more than one
axis. Local derivative requests complete the source model
by letting sensitivities refer to the same named indexed and
recurrent bindings.

Figure 1 frames the design problem. In many existing sys-
tems, contraction structure, recurrence structure, and differ-
ential structure are expressed through separate interfaces.
EINLANG instead gives them direct source constructs that
can be combined in the same binding environment.
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1.3 Contributions and Focus

We present EINLANG as a language and compiler artifact. Its
unit of contribution is an executable abstraction boundary:
a source language that preserves useful tensor facts, plus the
compiler and runtime machinery that consume those facts.
Its contributions are:

e Abstraction-boundary claim. We identify indexed
recurrence with local derivative queries as a produc-
tive source boundary for tensor programs that com-
bine dynamic-programming, sequence, grid, and sen-
sitivity structure.

e Unified source model. We design a tensor lan-
guage in which multidimensional indexed defini-
tions, declarative recurrences, and local derivative
requests share one binding environment.

e Compositional examples. We show how the three
constructs can be used independently, nested inside
one another, and applied to intermediate values with-
out wrapper-style refactoring.

e Compiler analysis example. We describe how
recurrent bindings induce multidimensional depen-
dency graphs and how static offset vectors determine
storage windows.

e Executable implementation. We report on a
NumPy-backed compiler and runtime with tests for
numerical behavior, recurrence ordering/storage
decisions, and lazy derivative projections.

The claims are intentionally scoped to what the artifact
can demonstrate. Table 1 summarizes the correspondence
between claim, mechanism, and evidence.

The same positioning can be read feature by feature.
Table 2 names the nearest neighboring interfaces for each
source feature and states the corresponding EINLANG
advantage. The comparison is intentionally about the pro-
gramming and compiler boundary, not about peak runtime
performance. The later code figures make the table concrete
for indexing, recurrence, and local derivatives; Section 6.3
does the same for convolution.

The evaluation follows from this framing: executable
credibility, source comparisons against scan-style encod-
ings, compiler metadata checks, local-derivative behavior,
and model-scale feasibility.

The remainder of the paper is organized as follows. Sec-
tion 2 gives motivating examples. Section 3 describes the
language design. Section 4 describes recurrence analysis.
Section 5 describes the implementation. Section 6 evalu-
ates the design and its limits. Section 7 discusses related
work, Section 8 discusses boundaries and extensions, and
Section 9 concludes.

2 Overview and Motivating Example

We use one compact running example throughout the paper.
It computes a per-timestep score, accumulates those scores
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Fragmented status quo

Tensor score = einsum("td,d->t", x, w)
call
Host prefix[@] = score[0]
os for t in range(1, T):
recurrence prefix[t] = prefix[t - 1] + score[t]

loss = prefix[-1]

AD loss.backward()

call _
dw = w.grad

EINLANG source

let score[t] = sum[d](x[t, d] * w[dl); Inde)fefl
definition

let prefix[0] = score[0@]; Decl .

let prefix[t in 1..T] = prefix[t - 1] eclarative
recurrence

+ score[t];
let loss = prefix[T - 11; Local
let dw = @loss / @u; derivative

Figure 1. The design problem: the same mathematical structure is often split across host/API fragments for contraction, re-
currence, and differentiation; EINLANG keeps indexed definitions, recurrences, and derivative requests in one source language.
Code-style highlighting follows the examples used throughout the paper.

Table 1. Claims, mechanisms, and evidence for the current EINLANG artifact.

Claim Mechanism

Evidence

Source coherence

environment.

Indexed definitions, recurrent clauses,
and derivative requests share one binding

Mixed examples combine contraction,
recurrence, and derivative queries;
source comparisons exercise the individ-
ual boundaries without wrapper-style
refactoring.

Compiler leverage

Derivative locality

Executable breadth

Recurrent bindings preserve dependency
offsets and later reads before lowering.
@y/@x is a shaped expression over named
source bindings.

A NumPy-backed compiler and runtime
execute the language fragment used in

Storage checks distinguish finite suffix
reads from full or dynamic observations.
Julia/Zygote comparison and lazy deriv-
ative tests distinguish local derivative
queries from function-boundary AD.
Reference-backed numerical checks, re-
currence tests, and model-scale indexed

the examples.

Current boundary

compiler.

Static-offset recurrence analysis infers
one finite recurrence axis in the current

programs exercise the implementation
path.

Multidimensional vector-window cases
are stated as evaluation obligations
rather than completed performance
claims.

through time, and differentiates the final result with respect
to a weight vector:

let score[t] = sum[d](x[t, d] * w[d]);

let prefix[@] = score[@];

let prefix[t in 1..T] = prefix[t - 1] + score[t];

let loss = prefix[T - 1];

let dw = @loss / @w;

This compact example already exercises the three core ab-
stractions. The notation 1..T denotes the half-open range
from 1 through T-1; the base clause defines prefix[@], and
the recurrent clause defines the remaining points.

2.1 One Program, Three Semantic Objects

The first line is an indexed tensor definition. It states directly
that score is indexed by t, that d is reduced, and that the
body is evaluated pointwise for each output index.

The next two lines form a declarative recurrence. The
source says that prefix[t] depends on prefix[t - 1]
and score[t];loop order and storage strategy are compiler
choices.

The final two lines add a local derivative request. The lan-
guage first names the quantity of interest, loss, then asks
for its derivative with respect to the named binding w. Dif-
ferentiation is part of the same source program. What the
compiler can read directly from this one program is already



Table 2. Feature-by-feature source-interface positioning.
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EINLANG feature

Nearby treatment in other systems

EINLANG treatment

EINLANG advantage

Indexed reductions

Windowed convolution

Declarative recurrence

Multidimensional recur-
rence storage

Local derivative re-
quests

Composition boundary

einsum strings expose contraction;
TVM and Halide expose compiler-
facing tensor expressions and sched-
ules.

einsum typically follows patch/win-
dow construction; TVM tensor expres-
sions represent reductions and affine
reads directly.

Host loops and JAX scan choose a
loop/carry interface; Halide uses up-
date definitions with schedules.

Scan nesting, manual line buffers,
schedule directives, or lower-level
dependence analysis manage storage.
JAX and Julia/Zygote transform func-
tions or pullbacks; PyTorch uses
graph/backward state.

Mainstream systems compose these
features through host-language APIs
and transformation calls.

Output axes, reduction axes,
and affine reads are source-
language names.

Convolution is one indexed
binding with surviving axes,
reduction axes, and offset
reads.

Base and recurrent clauses
define dependencies over an
index space.

Static self-read offsets and
later observations induce
storage windows.
@target/@wrt is a shaped
source expression over
named bindings.

Indexing, recurrence, and
derivatives share one
checked binding environ-
ment.

No contraction mini-
language; axes stay in
ordinary binding and
scope.

Window offsets and
contraction axes re-
main one source ob-
ject before lowering,.
Traversal, carry, and
buffer choices can be
delayed until com-
piler analysis.

Storage follows from
source uses instead of
user-selected buffers.
Intermediate sensitiv-
ities are local values,
including inside recur-
rent programs.

Mixed tensor, recur-
rence, and AD code
avoids wrapper-style
refactoring.

the point: the output axis t, the reduction axis d, the recur-
rence dependency prefix[t - 1] -> prefix[t], and the
differential target loss / w all remain visible in the same
source fragment.

2.2 Why This Example Matters

In a library-oriented setting, the same task is usually
split across an einsum-style interface or explicit tensor
arithmetic, a host-language loop or scan combinator, and a
grad/backward-style APL EINLANG keeps the entire compu-
tation in one language. Its advantage is not merely shorter
syntax; it is fewer semantic handoffs. The program reads
more like the derivation the programmer had in mind, and
the key tensor, recurrence, and differential facts remain
structured through the compiler passes that consume them.

2.3 Relation to Scan

Staged scan operators are a good abstraction for many recur-
rent computations. They make loops transformable, usually
interact well with AD, and can be optimized by mature com-
pilers. A scan packages recurrence as an operator with an
explicit carry, an update function, and an explicit decision
about which intermediate values are returned.

The source question is different. Before choosing a sched-
ule, a storage policy, or an AD transform boundary, the pro-
grammer may want to state that an indexed value is defined
by a recurrence relation. In EINLANG, the state sequence
is a named binding, later expressions read points of that
binding directly, and the compiler derives whether those
reads require full materialization or only a finite suffix. A
scan-oriented encoding can express the same computation,
but the programmer must decide which values are carried,
which outputs are stacked, and which intermediate values
must be returned for later use. EINLANG moves those deci-
sions from the source interface into compiler analysis when
the access pattern is statically visible.

2.4 Comparison with PyTorch and JAX

The same workload shape can be written in adjacent sys-
tems, including with staged recurrence operators such as
jax.lax.scan. A direct JAX scan encoding is:
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def forward_scan(x, w):
score = jnp.einsum("td,d->t", x, w)
def step(acc, s):
acc = acc + s
return acc, acc
_, prefix = jax.lax.scan(step, 0.0, score)
return prefix[-1]

dw = jax.grad(lambda w, x: forward_scan(x, w))(w, x)

This is the right baseline for the running example: JAX
exposes the recurrence to its staging machinery, and the
gradient transform composes with the scan. The EINLANG
advantage is at the source interface. In JAX, the scan signa-
ture fixes a carry/output boundary before the compiler sees
later uses of the sequence. In EINLANG, the source defines
prefix[t] asanindexed recurrent binding; later reads such
as prefix[T-1] are ordinary source reads that the storage
analysis can inspect before choosing a circular buffer or full
materialization.

3 Language Design
3.1 Design Principle: Orthogonal Abstractions

EINLANG is organized around a simple design principle:
each major source of structure in differentiable tensor pro-
grams should correspond to one direct language construct,
and those constructs should compose without semantic
gaps. We use three constructs as the language’s small
vocabulary:

¢ index space: which axes are output axes, and which
are reduced;

e dependency structure: how values evolve across a
range; and

o differential structure: which named quantities re-
quire sensitivities.

This is why the language centers on indexed definitions,
recurrences, and derivative requests rather than on helper
conventions layered over a generic host language. Each con-
struct has an interface contract: it introduces names, deter-
mines shapes, and states what later compiler phases may
rely on.

3.2 Clause-Scoped Index Domains

Indexed tensor definitions are the basic connective tissue of
the language:

let C[i, j] = sum[k](A[i, k1 * B[k, j1);

Here i and j are output indices and k is a reduction in-
dex. The source tells the reader and the compiler which axes
survive into the result and which axes are contracted away.

Contract. For a binding

let X[iy €Ry,...,ik €Re] =e,

the clause covers the index domain R; X - - - X Rx.. Index vari-
ables are lexically scoped: an output index is available only
in the right-hand side of its binding, a reduction index intro-
duced by sum is available only inside that reduction body,
and inner index declarations may shadow outer names. In-
dex variables do not escape into later bindings. A name that
appears in the output index list denotes an output axis; an in-
dex introduced only inside a reduction denotes an axis that
is consumed by that reduction.

Clause coverage. A tensor binding may be assembled
from multiple clauses, written as surface let statements
with the same left-hand-side name. Each clause defines only
the points in its own domain, so one statement can define
a boundary slice such as D[@, j in @..N] while another
defines an interior region such as D[i in 1..M, j in
1..N]. Semantically, the binding’s covered domain is the
union of these clause domains. The compiler preserves this
fact when grouping clauses; for rectangular array backends,
it allocates the per-axis extent that contains the covered do-
main. This lets different statements define different parts of
one tensor without treating every statement as a full-tensor
definition.

Range elaboration. The surface language permits index
ranges to be written explicitly or omitted when shaped ten-
sor accesses determine them. Range elaboration is the front-
end normalization step that makes this precise: before shape
analysis, the compiler builds an index environment and at-
taches an explicit range object to each index variable when
it can. A source declaration such as i in @..N contributes
that range directly. Otherwise, an occurrence of an index
variable in axis a of a tensor with shape S contributes the
candidate range 0..S,; for example, A[i,k] contributes the
first-axis range for i and the second-axis range for k. Re-
duction indices are elaborated in the same way, but only
inside the reduction body. Simple affine forms such as i+1
or i-r are checked against the elaborated axis bounds when
the offset is statically bounded. If several uses constrain the
same index, the compiler intersects the candidate ranges. If
no usable range can be recovered, later passes either require
a source range or use a conservative path such as full mate-
rialization for recurrence storage.

This differs from string-based contraction APIs. A call
such as einsum("ik,kj->ij", ...) exposes the right
mathematical idea, but it does so through a separate mini-
language. In EINLANG, the indexed structure participates
in the ordinary scope, analysis, and error-reporting mech-
anisms of the language itself. The advantage is not that
every contraction is fewer characters than einsum; the
advantage is that the axes remain named source facts that
can be checked, reused, and composed with recurrence
and derivative requests. Compiler-oriented systems such as
TVM and Halide make tensor or image expressions avail-
able to powerful scheduling stacks [8, 19]. EINLANG does
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let C[i, j1 = sum[kI(A[i, kI * B[k, j1);

NumPy einsum

C = np.einsum("ik,kj->ij", A, B)

TVM tensor expression

k = te.reduce_axis((0Q, K), "k")
C = te.compute((M, N), lambda i, j: te.sum(
Ali, kI = B[k, j1, axis=k))

Halide update

Var i, j;

RDom k(@, K);

Func C;

C(i, J) += A, k) = B(k, 3);

Figure 2. Indexed reduction in adjacent source interfaces.
The computation is the same; the boundary exposed to later
compiler phases differs.

not replace those scheduling interfaces; its point is earlier
in the pipeline, where the indexed relation is still a source
binding rather than a scheduled operator. Figure 2 shows
the same matrix multiplication boundary in the nearby
notations.

Shape checking follows the same scoping discipline. A
tensor read must provide one subscript expression for each
tensor axis. Subscript expressions that mention index vari-
ables must be statically range-checkable in the current in-
dex environment. The compiler accepts affine offset forms
such as i, i+1, and i-2; dynamic offsets are rejected for
static indexing analysis or force conservative storage deci-
sions when they appear in recurrent self-reads. This is the
substitution rule for index programs: a point of an indexed
binding is obtained by substituting concrete values for the
in-scope output indices and then evaluating the body under
those bindings.

Broadcasting. EINLANG uses an explicit broadcasting
rule. Scalars are implicitly broadcast. Non-scalar tensors
are indexed explicitly, and broadcasting over an output
dimension is expressed by omitting that output index from
a particular indexed read. For example:

let Y[i in @..M, j in @..N] = row[i] + col[j] + bias;

Here row[i] is invariant in j, col[j] is invariant in i,
and scalar bias is broadcast over both output axes. This rule
keeps broadcasting visible in the same index environment as
ordinary tensor reads.

The full language also includes minor surface conve-
niences, such as named rest indices written with syntax
like ..batch; the core abstraction remains clause-scoped

indexed binding.

Fu

3.3 Declarative Recurrence

Many tensor-heavy programs are naturally written as recur-
rence relations:

let x[0] = x0;
let x[t in 1..T] = step(x[t - 1], ult]);

The important point is that this is a declaration of depen-
dency. The programmer states what depends on what; the
compiler later derives a legal execution order. This design is
especially relevant for dynamic programming, autoregres-
sive decoding, iterative optimization, ODE-style time step-
ping, and similar workloads in which mathematical recur-
rence is central.

Contract. A recurrent binding may be defined by mul-
tiple clauses: base clauses supply boundary points, and re-
current clauses define the remaining domain. Inside a re-
current clause, the right-hand side may read other points
of the same binding. Such a self-read is statically analyz-
able when its subscripts are the current recurrence indices
plus constant offsets. The compiler’s obligation is then sim-
ple: evaluate each point after the points it reads have been
produced. Programs outside this static fragment use the full
materialization path described in Section 6. The source pro-
gram specifies dependencies; the compiler chooses a legal
traversal.

The same syntax applies to multidimensional recurrence:
let H[Q, j in @..N] = top[jl;
let H[i in 0..M, @] = left[il;
let H[i in 1..M, j in 1..N] =

mix(H[i - 1, 31, HOi, j - 11, inputli, j1);

The recurrence domain is now a grid, and the source
exposes a dependency relation over grid points rather
than a single scan axis. By keeping recurrence as a source
construct, EINLANG gives the compiler a semantic object
to analyze. Dependency information is available before
lowering, so recurrence ordering and storage choices can
be derived from source meaning rather than reconstructed
from already lowered loops.

Compared with a scan interface such as JAX lax.scan,
the recurrent binding does not ask the programmer to
choose a carry state or stacked output contract up front.
Compared with update-style DSLs and schedule-oriented
systems, the recurrent binding is not primarily a perfor-
mance schedule; it is the source dependency object from
which traversal and storage plans are derived. The EINLANG
advantage is delayed commitment: source code states the
recurrence relation, while the compiler derives the legal
order and storage plan from the observed reads. Figure 3
shows the difference at the source level.

3.4 Local Derivative Requests

Differentiation in EINLANG is requested locally:
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EINLANG

let y[0] = init;
let y[t in 1..T7] = step(y[t - 11, x[t]);
let out = y[T - 1];

JAX scan

def body(carry, x_t):

y = step(carry, x_t)

return y, y
out, ys = jax.lax.scan(body, init, x[1:])
out = ys[-1]

PyTorch host loop
ys = [init]
for x_t in x[1:]:

ys.append(step(ys[-1], x_t))
out = ys[-1]

Figure 3. One-step recurrence in adjacent source interfaces.
JAX and PyTorch expose the loop/carry/list decision di-
rectly; EINLANG exposes the dependency relation.

let dloss_dW = @loss / @W;

This places differentiation at the expression level rather
than only at a function boundary, as in many AD frame-
works [1, 4, 7, 18]. The derivative request appears where the
derivative is needed, over the named program bindings al-
ready present in the source. The full surface language also
includes bare tangent requests such as @x; the quotient form
is the main vehicle for source-level derivative queries.

Contract. The expression @y / @x denotes a shaped de-
rivative object. If y is scalar and x has shape Sy, the re-
sult has shape Sy. If both are tensors, the result shape com-
bines target and parameter axes, and projections such as
(@y/@x)[1i, j]selectderivative entries. A derivative request
is a pure query over the existing source environment, and
lowering is responsible for replacing that query with an ex-
ecutable derivative representation.

The important design choice is locality. A derivative re-
quest may target an intermediate indexed or recurrent bind-
ing, not only the final result of a function boundary:
let hre, j1 = heljl;
let h[t in 1..T, j1 = cell(h[t - 1, j1, x[t, j1, thetaljl);
let locallt, j] = eh[t, j] / @thetaljl;
let score = sum[t, jl(mask[t] * locallt, jI);

In a wrapper-oriented interface, this pattern usually
forces the programmer to carve out a separate differen-
tiable function or expose intermediate states as auxiliary
returns. In EINLANG, the derivative is an expression over
bindings that already exist in the indexed source program.

This local style is useful for intermediate sensitivities, cus-
tom optimization steps, and mixed workloads in which only

part of a larger recurrent or numerical program needs differ-
entiation. It is also useful to the compiler: the target binding,
parameter binding, output shape, parameter shape, and sur-
rounding recurrence structure are all still represented when
the request is lowered.
The local request can also appear inside a recurrent def-
inition. The following program performs gradient descent
on the scalar objective x* while keeping each optimization
step as a recurrent source binding:
let alpha = 0.25;
let x[0] = 8.0;
let x[k in 1..6] = {
let prev = x[k - 1];
let loss = prev * prev;
let g = @loss / @prev;
prev - alpha * g

3

Here the derivative target prev is a block-local name in-
troduced inside the recurrent body. A function-oriented AD
interface can express the same update by carving out an up-
date function and applying a transform to it; EINLANG ex-
presses the derivative at the point where the mathematical
update is written. This is the intended role of local differenti-
ation in the paper: a source-level derivative expression that
composes with indexed and recurrent bindings.

Lowering algorithm. The compiler treats @y/@x as a
local Jacobian query, not as a request to transform the
enclosing function. After type and shape analysis, the
autodiff pass recognizes quotient forms whose numera-
tor and denominator are differentials of named bindings,
records the target/wrt pair, and snapshots the source
bindings and block-local contexts needed to re-evaluate
the selected expression. It then rewrites the quotient to
a LazyJacobianIR(target,wrt) node. A later request-
lowering pass removes that node before backend execu-
tion. If the lazy Jacobian is projected, as in J[i,j] or
(@y/@x)[1i,j], the pass fuses the projection: a fixed target
index lowers to a VJP row query with a basis cotangent,
while a fixed parameter index may lower to a JVP column
query with a basis tangent. If the whole Jacobian is de-
manded, the pass materializes it as an indexed binding over
target axes followed by parameter axes, choosing JVP or
VJP by a static size heuristic. This is the smart part of local
expression AD: the user writes a shaped local value, while
the compiler delays the row/column/full decision until it
sees how that value is consumed.

Comparison with Julia-style expression AD.. Julia is
an important positive baseline because systems such as Zy-
gote differentiate ordinary Julia programs with source-to-
source AD [5, 13]. The user can keep scientific code in the
host language, but the derivative boundary is still usually
a function, closure, or pullback. Figure 4 shows the same
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let locallt, j] = @h[t, j] / @thetaljl;

JAX function transform
local = jax.grad(lambda theta: run(theta)[t, j1)(theta)[j]

Julia/Zygote source AD

using Zygote
local = gradient(theta -> run(theta)[t, jJ], theta)[11[j]

PyTorch backward

h = run(theta)

theta.grad = None

h[t, jJ.backward(retain_graph=True)
local = theta.grad[j]

Figure 4. Local derivative request in adjacent source inter-
faces. Host AD systems package the selected value behind
a function, pullback, or graph state; EINLANG keeps the sen-
sitivity as a shaped source expression.

local sensitivity request across the nearby interfaces. FIn-
LANG deliberately gives up host-language generality to gain
a sharper tensor-language boundary: the tensor program is
written in an indexed source language, and the local sen-
sitivity remains an expression over names already in that
language. The advantage is therefore not that Julia/Zygote,
JAX, or PyTorch cannot compute the derivative; they can.
The advantage is that EINLANG places the derivative request
where the selected intermediate is defined and used, so inter-
mediate and recurrent sensitivities need not be repackaged
behind a function boundary.

AD interface trade-offs. Expression-level derivative
requests occupy a different point in the AD interface design
space from whole-function transforms, source-to-source
host-language AD, and tape-style backward calls. Table 3
summarizes the trade-off. JAX-style transforms make the
differentiated function boundary explicit, which is excellent
for caching and higher-order transformation, but interme-
diate sensitivities usually require returning auxiliary values
or defining additional transformed functions. Julia/Zygote
keeps that boundary inside an expressive host language,
which is powerful for scientific programs, while still asking
the user to identify a function or pullback boundary for a
derivative query. PyTorch-style backward calls are flexible
in an imperative program, but gradients are mediated by
side effects on tensors and gradient buffers. EINLANG makes
a derivative request an expression over named source
bindings. Its advantage appears when a program asks
for several shaped sensitivities inside the same indexed
or recurrent computation, such as both @loss/@theta
and @h[t]/@theta. The cost is a compiler obligation: the
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compiler must track target/wrt dependencies, avoid leak-
ing source AD artifacts after lowering, and decide when
multiple derivative requests should share work.

Local derivative syntax makes the source query precise;
cross-request reuse then becomes a compiler optimization
problem. When two requests share a large primal subcom-
putation, a whole-function AD system with a carefully cho-
sen transform boundary may reuse more work. EINLANG im-
proves source locality and access to intermediate sensitivi-
ties, while leaving cross-request derivative optimization as
part of the implementation roadmap.

3.5 Compositionality and Closure

The main language claim appears when the three constructs
interact. A tensor program may need a derivative of a re-
current quantity, an indexed derivative object, or a batch-
polymorphic recurrent update. In EINLANG, these are still
source-language programs rather than combinations of sep-
arate APIs.

That closure matters because real workloads rarely stop
at just one construct. A program often begins as an indexed
equation, then acquires recurrence, then needs one or more
local derivative queries. A stable source model is more valu-
able than three isolated conveniences.

Representative combinations all stay inside the same
source model: a local derivative of one indexed contrac-
tion such as @(sum[k](A[i,k] * B[k,j1)) / @Alp,ql,
a recurrent sensitivity such as @[T] / @x[@1], or the full
indexed-recurrent-differentiable form @loss / @w from
the running example. This is the design point: the con-
structs share binding, range, and shape information before
lowering.

4 Compiler Analysis for Recurrence

This section describes the compiler analysis that recurrence
exposes. The analysis shows how the language design gives
the compiler useful structure for ordering and storage plan-
ning, especially when a recurrence ranges over more than
one index dimension.

4.1 Shape and Index Consistency

Before extracting recurrence dependencies, the compiler
builds an index environment from each binding. This is
the evaluator’s bookkeeping layer. Each clause contributes
the output ranges or literal subscripts for the region it
covers; grouping clauses by binding name gives the bind-
ing’s covered domain, and rectangular backends use the
corresponding per-axis allocation extent. Reduction ranges
contribute only to the body they bind, and block-local index
variables do not escape. A tensor read must supply a sub-
script for every axis of the tensor being read. The read shape
is scalar at the point of use, while omitted output indices in



Einlang

Table 3. AD interface design space relevant to local derivative requests.

Interface

Strength Cost

Consequence for intermedi-
ates

Whole-function
transform

Clear transform boundary;
reusable compiled derivative.

Julia/Zygote source  Differentiates rich host-
AD language programs.

Tape/backward call Natural in imperative host

Expression-level
request

Derivative is a typed source
expression over named bind-

Programmer packages the
computation as a function.

Derivative query is still or-
ganized around a function,
closure, or pullback.
Gradient state is managed
code. through side effects.

Compiler must lower and
schedule multiple requests
ings. carefully.

Intermediate derivatives re-
quire auxiliary returns or addi-
tional transforms.
Intermediate derivatives re-
quire wrapping the selected
value or seeding a pullback.
Intermediate gradients depend
on retained graph state and
buffer management.
Intermediate and recurrent
sensitivities can be requested
where they are used.

the surrounding expression indicate explicit broadcast over
those output dimensions, as described in Section 3.

Static recurrence analysis requires subscript expressions
to be simple enough to compare against elaborated clause
domains. The fragment used for storage analysis accepts
an index variable plus or minus an integer constant. This
makes two checks mechanical: the compiler can require
a base clause for out-of-range boundary reads, and it can
turn each self-read into an offset vector. More general
expressions remain expressible and use full storage unless
a later analysis proves a static bound.

4.2 Extracting Multidimensional Dependencies

To understand a recurrence, we ask one question: which pre-
viously computed points does this point need? A recurrent
binding is a named indexed definition whose right-hand
side reads the same binding at other index points. For a
recurrent clause

B =1let y[11 €R1,...,ik€Rk] =e,

the compiler treats each point in Ry X - -+ X Rg as a graph
node. It then looks at the right-hand side exactly as a reader
would: every occurrence of y is a dependency. A self-read is
statically analyzable when each subscript has the form iz+cy
where ¢y is an integer constant. The read then contributes
an offset vector

d=1(c1,...,cr).

For the grid recurrence

let D[i in 1..M, j in 1..N] =

min(DLi - 1, j1, DO, j - 11, DLi - 1, j - 11);

there are three self-references. The first says that D[i, jJ]
needs the point one step back in the i direction. The second
says it needs the point one step back in the j direction. The

third says it needs the diagonal predecessor. The extracted
offsets are therefore (—1,0), (0,—1), and (-1, -1).

The finite-window analysis uses only offsets with static
bounds. A read such as D[i-r, j] uses full storage unless
the compiler has a static bound for r. Boundary clauses are
checked separately: base cases such as D[9, j] and D[i,0]
establish the values needed before the recursive grid inte-
rior is evaluated. Shape checking ensures that every indexed
read supplies a subscript for every axis and that statically an-
alyzable offsets stay inside the elaborated clause domains or
are guarded by a base clause.

For each dimension d, the analysis computes the maxi-
mum backward distance

hg = max(0, — min dy),
5€AB

where Ap is the set of extracted self-read offset vectors. Pos-
itive offsets indicate forward dependencies and call for a
different schedule. A legal schedule is any topological or-
der of the resulting point graph. For the common lexico-
graphic grid cases in this paper, the extracted offsets are
non-positive in the recurrence dimensions, so row-major
or timestep-major execution is legal after boundary clauses
have been checked.

4.3 Storage Window Inference

The same recurrent binding can often be evaluated without
storing the whole tensor. Consider first the one-dimensional
recurrence x[t] = x[t-1] + x[t-2]. When the evaluator
is producing x[t], it needs the two most recent previous
values. After it writes x[t], that new value becomes part of
the history needed by future steps. Thus a lookback of two
requires a preservation window of three: the current value
plus the two previous values that future bodies may read.
Later source reads add a second requirement. If the rest
of the program reads only x[T-1], then after the recurrence



finishes it needs only the final suffix of length one. If it
reads the last five points, it needs suffix length five. The
compiler chooses a window large enough for both the re-
currence body and the later observations.

The implemented compiler emits a finite window for one
inferred recurrence dimension; that rule is the scalar case of
a vector-window rule. For each recurrence dimension d, the
analysis computes:

e lookback hy: the largest static backward self-read
distance in dimension d;

e tail s;: the largest statically visible final suffix read
by later code in dimension d; and

o full: whether later code may observe an arbitrary el-
ement or the whole recurrent value.

When no full observation is required, the preservation win-
dow for each finite dimension is

wg = max(hg + 1,s4).

The +1 is the current point. Without it, the buffer would hold
the previous history but not the newly produced value that
later points will read. The resulting buffer shape is

(Wi, ..., W),

with wy = oo for dimensions that are retained fully. Thus
a dynamic program may use a buffer shaped like (2, N): a
sliding pair of rows and all columns. Dynamic self-reads and
dynamic later reads use the full materialization path for the
affected binding or dimension.

Intuitive correctness argument. Windowed execution
is equivalent to full materialization whenever two condi-
tions hold: every self-read needed while computing a point
is still in the buffer, and every later program-visible read is
either in the retained suffix or the whole value has been ma-
terialized. The vector rule above is a sufficient condition for
those two facts because each dimension retains enough his-
tory for the largest static backward offset and enough suffix
for later observations. The finite-window path is enabled ex-
actly when the inferred window covers the visible reads.

4.4 What This Buys

The storage rule illustrates the value of making recurrence
a named source binding over an index space. In a host-loop
program, the programmer usually commits to appending,
stacking, or line-buffering before later uses are known to
the compiler. In EINLANG, later reads of the recurrent bind-
ing remain source-level uses. The compiler can inspect those
uses before deciding whether to allocate a finite window or
a full array.

The current NumPy backend uses this metadata to choose
a buffer strategy for recurrence tests, making storage plan-
ning a consequence of the source abstraction.
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5 Implementation
5.1 Compiler Architecture

EINLANG is implemented as a Python-embeddable compiler
and runtime. The main executable path uses the NumPy
backend, with an experimental IREE path as an additional
backend direction. The compiler is structured to preserve
source-level tensor, recurrence, and differential structure
long enough for the analyses and transformations that
depend on them. This section is organized around the im-
plementation discipline behind the design claim: indexed
recurrence gives the compiler a source dependency object
before lowering.

The implementation follows a single discipline: source
facts are preserved until the pass that can use them has
run. Indexed definitions survive long enough for range
and shape analysis to distinguish output axes from reduc-
tion axes. Derivative requests survive long enough to be
checked against named source bindings and lowered into
lazy derivative objects. Recurrent bindings survive long
enough for the compiler to inspect self-reads and later
reads before selecting an execution order or storage policy.
Table 4 summarizes this preservation chain.

5.2 IR and High-Level Passes

The front end preserves indexed bindings, recurrence decla-
rations, and derivative requests as structured nodes through
the passes that consume them. This makes range analysis
and shape analysis source-directed. Because output axes
and reduction axes remain source-level names, shape rea-
soning operates over the same structure the programmer
wrote. Because derivative requests refer to named bindings,
autodiff requests can be lowered before the tensor program
has been flattened into execution-level detail.

One important consequence is phase discipline. The im-
plementation includes both pre- and post-autodiff pruning
passes as well as an autodiff leak check that fails if source-
level differential artifacts survive into later stages unexpect-
edly. This makes derivative requests part of the compiler
pipeline instead of a wrapper applied outside the source lan-
guage.

At a design level, the implementation therefore preserves
the same three semantic objects emphasized in the language
section: indexed tensor structure, recurrence structure, and
derivative requests. The concrete IR class names are less im-
portant than that preservation property. The compiler con-
tinues to know which axes are outputs versus reductions,
which bindings are recurrent and with what storage require-
ments, and which named sensitivities are being requested.

For example, the source-level program
let s[0] = x0;

let s[t in 1..T] = f(s[t-11, ultl);
let grad = @s[T] / @xo;
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Indexed facts
output and re-
duction axes

Differential facts
target and param-
eter bindings
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Dependency facts
recurrent reads
storage cues
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Source program ‘
indexed definitions Range and Type
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High-level
autodiff

Lowering and
recurrence order

derivative requests

Source-level tensor, recurrence, and differential structure remain explicit until the pass that consumes each one.

Figure 5. Compiler staging: indexed, recurrent, and derivative facts are preserved until the high-level passes that consume

them.
Table 4. Compiler phases and the source facts they preserve or consume.
Phase Preserved fact Consumed by
Source IR output axes, reduction axes, clause domains, range and shape analysis
binding names
Typed IR binding shapes and index ranges derivative shape checks, recurrence
checks
AD lowering target/wrt binding pair, local contexts request lowering to plain tensor IR

Recurrence ordering

self-read offsets and later reads

execution order, storage window

retains both recurrence metadata and the local derivative
request until the passes that consume them. Recurrence or-
dering sees the indexed self-dependency, while derivative-
request lowering turns the sensitivity query into a lazy de-
rivative object with the source target and parameter still
recorded.

5.3 Recurrence Ordering

Recurrence is handled by a dedicated ordering pass that
derives valid execution order from dependency structure.
In the simple running example this is straightforward,
and the same mechanism extends to more complicated
recurrence objects, including cases where clause structure
requires timestep-major execution to preserve same-step
dependencies. The same pass records storage metadata for
isolated recurrences: history lookback, downstream tail
use, whether full output must be preserved, and a derived
preserve_steps window. The current NumPy backend
uses that metadata to switch to circular-buffer execution
when bounded history and bounded tail reads make full
materialization unnecessary.

The storage analysis deliberately errs toward full materi-
alization. Static backward offsets and statically visible tail
reads contribute to the preservation window. If a later use
may inspect an arbitrary element, export the whole recur-
rent value, or otherwise escape the finite-window invariant,
the pass marks the recurrence as requiring full output. This
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is the implementation counterpart of the storage invariant
in Section 4.

The pass emits storage facts for backend code. Its output
records whether a binding is recurrent, the recurrence
dimension, ordering constraints between recurrent clauses,
the maximum static lookback, the later suffix demand,
and the final full-versus-windowed storage decision. The
NumPy backend consumes those facts later; other backends
can make a different scheduling choice while respecting
the same source-level storage contract.

The important implementation detail is that the storage
decision is made before backend-specific execution code is
emitted. At that point the compiler still has three pieces of
source information together: the recurrent binding name,
the self-read offsets inside the recurrent clause, and the later
reads of that binding in the ordered program. After lower-
ing to an ordinary loop over a mutable buffer, this informa-
tion would be partly implicit in control flow and partly im-
plicit in host data-structure choices. Keeping recurrence as
a source construct therefore changes the compiler problem
from recovering a loop idiom to checking a finite-window
condition over source reads.

This pass is not only an implementation detail; it exer-
cises the language choice to make recurrence declarative.
The compiler can derive both execution order and concrete
storage choices for recurrence because the source describes
dependencies directly.
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Table 5. Storage-planning outcomes for recurrent bindings.

Observed source pattern Compiler fact Backend consequence
Static backward self-reads only finite lookback h circular-buffer candidate
Later reads confined to final suffix finite tail s retain suffix in same buffer
Whole-tensor or dynamic later read  full(B) materialize full sequence

Same-step dependency across clauses

ordering constraint

timestep-major schedule

5.4 Circular Buffers and the Multidimensional
Extension

The circular-buffer runtime stores a logical tensor in a
smaller physical array by applying modulo translation to
each finite-window dimension. With row-major strides, a
logical point maps to

offset = Z((id mod wy) - stridey),
d

where dimensions with wy; = co use the ordinary full co-
ordinate instead of a circular coordinate. Boundary clauses
initialize the frontier needed by the first interior points; in-
terior evaluation then overwrites buffer slots only after all
future reads of the old point have passed.

The current NumPy backend exercises this path for mul-
tidimensional tensor values whose finite window is on the
primary recurrence axis, for example a buffer shaped (2, N)
instead of (T, N). The same buffer abstraction accepts finite
windows on multiple axes; extending inference and sched-
uling to general mixed finite/full vector windows is the next
implementation step.

5.5 Autodiff Request Lowering

The implementation separates source recognition from
backend execution. AutodiffPass runs after type, shape,
and pre-autodiff pruning. It records the source binding
graph and block-local binding contexts, rewrites quotient
requests over identifiers to LazyJacobianIR, and expands
bare differentials. AutodiffRequestLoweringPass then
lowers derivative requests to ordinary tensor IR. A leak-
check pass ensures that no autodiff-only IR reaches later
lowering.

Request lowering is consumption-sensitive. If a named
lazy Jacobian is only used through rectangular accesses, the
binding can be removed and each use is rewritten directly.
Row projections lower to VJP-style code with a basis cotan-
gent; column projections lower to JVP-style code with a
basis tangent; full materialization emits an indexed tensor
whose axes are target axes followed by parameter axes. The
pass chooses between JVP and VJP using static target/wrt
sizes when available. The separate LazyJacobianValue
runtime object exercises the same row/column/entry inter-
face in tests, but the normal NumPy backend path receives
plain IR after request lowering.
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Table 6. Observable local-derivative query forms.

Use Shape  Lowered query

@y / @x oy X 0x materialized only if demanded
(@y/@x)[a,b] scalar entry via JVP or VJP
(ey/e@x)[a,:]1 oy row, VJP-style

(ey/@x)[:,b] oy column, JVP-style

Table 6 summarizes the observable forms. The important
implementation property is phase discipline: source deriv-
ative syntax may introduce lazy request IR, but that IR is
resolved to ordinary indexed tensor code before backend ex-
ecution. Dense materialization is only one representation of
the same shaped derivative value.

5.6 Host Interoperability

EINLANG is designed to coexist with Python. The larger ex-
amples use Python for tasks such as dataset loading and
weight preparation, while application-level postprocessing
such as token decoding remains outside the tensor core it-
self. The tensor-heavy computation runs in EINLANG.

6 Evaluation

The evaluation follows the claim/evidence structure in Ta-
ble 1. It asks whether the proposed boundary is executable,
whether users can express representative programs through
it, and whether the compiler obtains useful structure from
it. Each subsection corresponds to a concrete obligation:
programs must compute the intended results, the three
source constructs must compose in one region, convolu-
tion, scan, and expression-AD comparisons must expose
different source commitments, recurrent uses must produce
inspectable storage decisions, and derivative requests must
behave as shaped values.

6.1 Executable Credibility

The first obligation is basic but necessary: EINLANG pro-
grams must denote the computations they appear to denote.
The repository therefore compares ODE, PDE, recur-
rence, optimization, finance, and dynamic-programming
programs against independent analytic or NumPy-style
references. Across these 31 checked outputs, the median
per-output maximum absolute deviation is 2.3 x 1077. One
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deliberately loose cavity-flow comparison dominates the
raw maximum; the remaining checks stay within a range
appropriate for the simple NumPy-oriented backend used
here.

Training accuracy is used only as a signal that the com-
piled programs are learning sensible models. The role of
this subsection is to establish that the executable system
is trustworthy across several workload families: one-step
training matches a NumPy reference and decreases loss,
repeated training improves held-out prediction quality,
and the optimization-oriented examples decrease their
objectives as expected.

6.2 Mixed Abstraction Examples

The central design question is whether indexed definitions,
recurrence, and derivative requests can appear together
without forcing the programmer to switch between un-
related interfaces. A small recurrence with a final-state
gradient illustrates that composition:

let score[t] = sum[d](x[t, d]l * wldl);

let prefix[@] = score[@];

let prefix[t in 1..T] = prefix[t - 1] + score[t];
let dw = @prefix[T-1] / @w;

The same source region contains a contraction, a recur-
rent binding, and a derivative request over a named inter-
mediate. This establishes the integration property claimed
in the introduction: the abstractions compose in one source
language and can be lowered by one implementation.

6.3 Convolution: einsum, TVM, and EINLANG

Convolution is a better stress test for indexed source inter-
faces than matrix multiplication because it combines surviv-
ing axes, reduction axes, and affine input offsets. For a direct,
no-padding two-dimensional convolution, EINLANG writes
the relation as one indexed binding:

let Y[n in @..N, o in ©..0C, i in @..0H, j in 0..0W] =

sumfc in @..IC, r in @..KH, s in 0..KW](
XCn, ¢, i +r, j +s]*Wo, c, r, sI);

The output axes n, 0,1, j, reduction axes c,r,s, and off-
set reads i+r,j+s all live in the same source expression.
This is the same source fact pattern the recurrence analy-
sis later uses: named axes plus affine relationships between
reads and writes.

An einsum-oriented NumPy expression can expose the
contraction, but the sliding-window construction is outside
the contraction string:
patches = sliding_window_view(x, (KH, KW), axis=(2, 3))

y = np.einsum("ncijrs,ocrs->noij", patches, w)

This is concise and idiomatic for array programming, but
the compiler-facing boundary has split: patch extraction
describes the affine window, while the einsum string de-
scribes the contraction over the already-materialized patch
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tensor. EINLANG’s advantage is that no auxiliary patch
object is needed just to expose the same mathematical
relation; the offset reads and reduction axes remain one
source binding,.

TVM’s tensor-expression form is the closest compiler-
facing comparison because it also keeps the reduction axes
and affine reads explicit [8]:
te.reduce_axis((@, IC), "rc")
te.reduce_axis((@, KH), "rr")
rs = te.reduce_axis((@, KW), "rs")

Y = te.compute((N, OC, OH, OW),
lambda n, o, i, j: te.sum(
X[n, rc, i + rr, j + rs]l = Wlo, rc, rr, rs],
axis=[rc, rr, rsl))

rc =
rr =

TVM’s strength is the schedule/performance axis: it is
built to lower and optimize tensor operators across back-
ends. The EINLANG advantage is the source boundary. TVM
makes convolution a tensor expression embedded in a
scheduling and lowering stack; EINLANG makes the indexed
relation a source-language binding that composes with
recurrent definitions and local derivative requests in the
same namespace.

6.4 Comparison with JAX Scan

JAX lax.scan is the strongest mainstream comparison
point because it preserves recurrence as a staged operator
and composes with grad. The key distinction is how the
programmer commits storage structure. Scan asks for an
explicit carry and explicit stacked outputs along one scan
axis. EINLANG asks for an indexed recurrent definition
and later indexed reads over the whole index space. Its ad-
vantage is that source code names the recurrence relation
first; carry state, stacked outputs, and finite windows are
consequences to derive when the access pattern is visible.
For a one-dimensional bounded-lookback recurrence:

let y[0] = inito;

let y[1] = init1;

let y[9] = init9;

let y[t in 10..T] = y[t - 1] + alpha * y[t - 10] + x[t];
let result = y[T - 11;

The self-read distances imply a ten-step lookback; the fi-
nal read implies a one-step tail. The current compiler there-
fore derives a preservation window of eleven recurrence
points. In a scan encoding, the programmer would normally
put the last ten values into the carry and update that carry
manually, or return a stacked trajectory and rely on later
compiler passes to remove unobserved outputs. Both encod-
ings are legitimate; EINLANG’s advantage is that this storage
decision follows from the recurrence and its later reads in-
stead of being baked into the user-facing carry interface.

The contrast becomes sharper for grid recurrences. In
EINLANG, the edit-distance-style recurrence remains one
indexed definition:
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Table 7. Convolution source-boundary comparison. The advantage claimed for EINLANG is source composition, not peak

operator performance.

Interface Structure in source

Source consequence

einsum+patches
TVM tensor expression
EINLANG indexed binding one indexed binding

patch operation + contraction string
reduce axes + affine reads

split window/contraction boundary
schedule/lowering boundary
shared index/recurrence/AD scope

let D[@, j in @..N] =
let D[i in 0..M, @] =

init_col[j];
init_row[i];

let D[i in 1..M, j in 1..N] =
min(D[i - 1, j] + del,
DLi, j - 1] + ins,
D[i -1, j - 11 + subli, j1);

A JAX implementation usually chooses a nesting strat-
egy before the compiler sees the whole grid recurrence: an
outer scan over rows with an inner scan over columns, a
while_loop, or a hand-managed carry containing the pre-
vious row and current row prefix. That is a reasonable imple-
mentation strategy, but it exposes a different source abstrac-
tion. EINLANG keeps the two-dimensional dependency rela-
tion visible before choosing row buffers, column buffers, or
full materialization. That is the intended advantage for mul-
tidimensional recurrence: the source language preserves the
dependency geometry instead of encoding it as a nest of one-
dimensional loop interfaces.

This comparison is about source commitments. A comple-
mentary HLO-level experiment against XLA would show
how much of the same storage structure a particular JAX
backend recovers after staging.

6.5 Storage-Decision Checks

The storage analysis is evaluated as a compiler metadata
check. End-to-end tests build Fibonacci- and Lucas-style se-
quences from declarative recurrence definitions and check
exact outputs. Unit tests then inspect the storage metadata
derived from similar recurrent bindings.

Table 9 summarizes the current cases. Finite-window de-
cisions are enabled only when the compiler can prove that
self-reads and later reads fit inside a bounded suffix. Whole-
tensor use and non-constant tail use fall back to full materi-
alization.

In these checked patterns, bounded observable reads se-
lect finite windows and whole-tensor or dynamic reads se-
lect full storage. A generated suite that varies lookback, tail,
conditionality, and dynamic indices would turn this into a
false-positive/false-negative measurement against a manu-
ally classified ground truth.

The same evaluation scales naturally to multidimensional
recurrences. Table 10 lists the patterns that make the vector-
window analysis falsifiable and guide the next implementa-
tion stage.
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6.6 Local Derivatives as Shaped Values

The evaluation also checks that local derivative requests
behave as shaped program values rather than as one-shot
training commands. Unit tests for LazyJacobianValue
construct a matrix-shaped derivative object and confirm
that an entry, a row, and a column can be queried without
materializing the full matrix. Compiler tests check that
quotient requests are lowered away before final execution,
that source-level autodiff artifacts do not leak past the
lowering phase, and that named Jacobian bindings used
only through projections are removed and fused into the
consuming expression. They also check that gradients of in-
termediate bindings can be requested directly. For example,
a nested max-pooling test differentiates a scalar loss with
respect to an intermediate pooled tensor rather than only
with respect to an input or model parameter.

These tests establish the language-level derivative claim:
@y / @x is an expression over named source bindings
whose observable shape is derived from the target and
parameter shapes, and whose projections can be consumed
lazily.

6.7 Model-Scale Validation

The DeiT-Tiny and Whisper-Tiny examples show that
larger indexed tensor programs can be parsed and lowered
through the same implementation path. Their role in the
paper is feasibility: they exercise the indexed tensor core at
model scale, while the recurrence-storage evidence comes
from the targeted recurrence tests above.

6.8 Limitations

The current executable storage optimization targets recur-
rences with static index offsets and one compiler-inferred
finite recurrence axis. That path handles multidimensional
tensor values by retaining the non-windowed axes fully;
arbitrary multidimensional grid recurrences need the gen-
eral vector-window inference and scheduler described in
Section 4. Dynamic offset reasoning, automatic line-buffer
inference, KV-cache inference, GPU code generation, and
whole-language type soundness are natural extensions of
the current core. These limits define the current artifact
boundary: the implementation demonstrates that the source
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Table 8. Closest source commitments for bounded-lookback and grid recurrences.

System Recurrence representation Storage information in source Storage consequence

PyTorch loop  Host control flow over a muta-  Sequence retention is encoded Backend sees the user’s chosen stor-
ble current state. by explicit append/stack deci- age structure.

sions.

JAX lax.scan Staged scan over a chosen Carry and returned interme- XLA sees transformable scans, but
axis; grids use nested scans diates are selected in the scan the carry/output boundary is already
or loops. interface. fixed.

EINLANG Indexed recurrent binding Later source reads determine Analysis derives finite/full windows
over one or more dimensions.  suffix demand or whole-tensor from source uses.

escape per dimension.

Table 9. Representative recurrence-storage checks in the current test suite.
Case lookback tail preserve Decision Evidence
two-step, final 2 1 3 circular buffer bounded suffix
one-step, last 3 1 3 3 circular buffer bounded tail
symbolic T, final 1 1 2 circular buffer extent-independent
whole tensor 1 - - full materialization  full read
dynamic tail 1 - - full materialization unproven bound

Table 10. Multidimensional recurrence patterns needed for a full vector-window evaluation.

Pattern Self-read offsets Expected window Fallback trigger

row DP (=1,0), (0,-1) finite rows, full columns arbitrary earlier row read

diagonal DP (-1,0), (0,-1), (-1,-1) finite row frontier dynamic diagonal offset

time stencil (—1,0,0) plus spatial reads
one finite dimension per pass

(-r, 0) with static r

separable filter
bounded attention

finite time, full spatial grid
line buffer per pass
finite prefix window

full time-history output
data-dependent radius
unbounded prefix attention

abstraction exposes the right facts, while full multidimen-
sional storage optimization remains a next implementation
step.

7 Related Work

Julia and TVM are useful comparators because each system
is organized around a clear programming boundary: high-
level numerical programs that remain implementation code,
and graph/operator optimization for diverse backends [5, 8].
EINLANG chooses a different boundary. It is not a multiple-
dispatch language or a device-scheduling stack; it is a source
language for recurrent tensor programs where indexed def-
initions, recurrence dependencies, and local derivative re-
quests are named before lowering. The advantage of this
boundary is that mixed tensor, recurrence, and local-AD
programs remain one analyzable source object instead of be-
ing distributed across host code, transform APIs, and sched-
ule interfaces.
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Closest in day-to-day use are NumPy, TensorFlow, Py-
Torch, and JAX [1, 7, 10, 18]. These systems are powerful
and widely used, and they can express the same mathemati-
cal workloads. JAX in particular has staged transformations
and scan-like control operators; PyTorch has increasingly
functional transformation APIs. EINLANG differs in em-
phasis: indexed tensor definitions, recurrence declarations,
and derivative requests are native source constructs of
one checked language rather than separate host, library,
and transformation interfaces. This makes EINLANG less
general than those host ecosystems, but more direct for the
paper’s target workloads: programs where contraction axes,
recurrent dependencies, and selected sensitivities should all
remain visible to the compiler at the same source boundary.

This compiler-facing distinction matters. When recur-
rence and differential queries are external interfaces, the
compiler often faces a reconstructive problem: it must
recover which axes are outputs versus reductions, which



dependencies are semantic rather than incidental control
flow, and which sensitivities are being requested over which
bindings after some of that information has already been
encoded away. EINLANG instead starts from a representa-
tion in which those facts remain first-class source facts. The
concrete compiler consequences in this paper are source-
directed analysis, recurrence ordering, derivative-request
phase discipline, and recurrence-storage derivation.

For automatic differentiation more specifically, Baydin et
al. survey the major implementation styles and terminol-
ogy [4]. Julia/Zygote shows that source-to-source AD over
a rich host language can support expressive scientific pro-
grams [13]. DiffTaichi shows that differentiation can be in-
tegrated deeply into a DSL and compiler stack for simula-
tion workloads [12]. EINLANG shares the goal of making
differentiation a semantic concern rather than a bolt-on li-
brary trick, but its central differential claim is narrower and
more source-oriented: derivative requests are local source
expressions over named bindings. The advantage is local
placement. A derivative request can be a typed expression
in the same indexed binding environment as the computa-
tion it differentiates, including intermediate and recurrent
bindings, without wrapping the selected value in a separate
host function.

For language and compiler structure, EINLANG is closest
in spirit to systems that preserve high-level structure long
enough to optimize or lower it. Halide, TVM, MLIR, TACO,
and Futhark all demonstrate the value of retaining struc-
tured computation rather than collapsing it immediately
into low-level loops [8, 11, 14, 16, 19]. EINLANG over-
laps with this tradition in its use of source-level indexed
structure. Its advantage is the particular combination of pre-
served objects: indexed definitions, declarative recurrences,
and local derivative requests coexist before lowering, with
recurrence storage as the main compiler payoff studied here.
Table 11 therefore keeps only the closest source-interface
comparisons for multidimensional recurrence.

The storage-window analysis also belongs to a long com-
piler tradition around data-flow analysis, loop transforma-
tions, locality, and software pipelining [2, 15, 17, 20]. Mul-
tidimensional dependence analysis is especially connected
to the polyhedral model and loop transformation systems
such as Feautrier’s dependence work, Pluto-style tiling, and
polyhedral code generation [3, 6, 9]. EINLANG’s contribu-
tion is the source-language placement: recurrent dependen-
cies and later observations are represented directly in the
indexed program, so the compiler can derive a storage win-
dow before lowering to backend loops or buffers. The cur-
rent implementation demonstrates this placement for the
primary recurrence-axis storage fragment on multidimen-
sional tensor values; full vector-window inference connects
the language design to the dependence-analysis problems
studied by those systems.
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EINLANG combines indexed recurrence with a storage
contract and an implementation that preserves the needed
source facts until ordering and storage planning run. Local
derivative requests and source-scoped indexing make that
contribution usable in the tensor programs that motivate
the language.

8 Discussion
8.1 What the Design Gets Right

The main strength of EINLANG is stability of notation across
workload families. The same source model carries from
small tensor identities to training code, recurrence-heavy
programs, and larger model examples. This is valuable both
for readability and for compiler construction. Once the lan-
guage keeps tensor, recurrence, and differential structure
directly represented, multiple passes can reason about the
same semantic objects rather than reconstructing them
from unrelated APIs, and that compiler leverage is the main
payoff.

8.2 Extensions

The implementation includes the pieces needed to test the
central design. Expression-level derivative requests are im-
plemented and tested as lazy shaped values. Recurrence is
parsed, ordered, checked, and used to select circular-buffer
execution for bounded recurrences, including multidimen-
sional tensor values with a finite primary recurrence-axis
window. The main evidence comes from reference-backed
kernels, direct source comparisons, recurrence-storage tests,
and lazy-derivative tests.

The most direct extension is multidimensional recur-
rence storage. The buffer abstraction can represent mixed
finite/full storage, and the compiler already infers the pri-
mary recurrence-axis window. The next step is automatic
inference and scheduling for general grid-shaped vector
windows, evaluated against the patterns in Table 10. Python
interop remains useful for data loading, weight preparation,
and application-level postprocessing.

9 Conclusion

EINLANG is a tensor language built around three first-class
constructs: source-level multidimensional indexed tensor
definitions, declarative recurrences, and local derivative
requests over named bindings. These constructs form a use-
ful abstraction boundary for tensor-heavy programs, with
indexed recurrence as the technical center. The compiler
analysis asks a concrete question: when recurrence is a
source-level binding over an index space rather than an
encoded loop or scan, what can the compiler infer about
execution order and storage?

The current artifact shows that the design is executable
across small kernels, local autodiff examples, recurrence



Einla

ng

Table 11. Closest source-interface positioning for multidimensional recurrence.

System Multidimensional expression Recurrence representation Storage control
style
JAX arrays and staged primitives scan along chosen axes; grids carry/output interface and com-
use nesting or loops piler optimization
Halide explicit dimensions and update definitions and sched- schedule and storage directives
schedules ules
EINLANG source-level indexed bindings multidimensional recurrent source-derived windows where

binding over an index space

offsets and reads are static

tests, and MNIST training workloads. The strongest inter-
pretation of the current work is a focused language-design
contribution with a concrete compiler analysis example:
multidimensional source recurrence exposes static offset

vect
finit

ors, and the implemented backend demonstrates the
e-window idea for multidimensional tensor values with

bounded recurrence-axis history. The next milestone is
clear: infer mixed finite/full multidimensional storage win-
dows and evaluate them on grid-shaped programs where
a one-dimensional scan interface is no longer the natural
abstraction.
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